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Abstract

Recently, Onatski (2009) provided a formal justification for the use
of the scree test in determining the number of factors in large factor
models. We derive a criterion for the determination of the number of
factors, that is associated with Onatski’s test statistic but does not rely
on frequency domain analysis. Monte Carlo experiments compare the
finite-sample properties of our criterion to Bai and Ng (2007), Hallin
and Liska (2007) and Onatski (2009), and show that our criterion is
superior. An application with the U.S. macroeconomic data set of
Stock and Watson (2005) illustrates our procedure.
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1 Introduction

A widely used method to analyse large quantities of data in the social sci-
ences is factor analysis, in which the variation in a large number of observed
variables is described in fewer unobserved variables, or movements in a large
number of series are driven by a limited set of common ‘factors’. One of the
issues in factor analysis is the determination of the number of unobserved
variables to retain, i.e. the number of factors. Various methods are in use: (i)
heuristic methods like the Kaiser criterion in which only factors with eigen-
values greater than 1 are retained, or the scree test of Cattell (1966), which
will be explained in more detail below; (ii) stopping rules, see e.g. Peres-
Neto, Jackson and Somers (2005); or (iii) principal components analysis, see
e.g. Jolliffe (2002, Chapter 6) or Coste, Ecosse, Leplege, and Pouchot (2005).

In recent years, large dimensional factor models have become more and
more popular in econometric research too. For an overview of recent devel-
opments see Bai and Ng (2008). The determination of the number of factor
is still high on the research agenda despite the fact that many studies have
proposed solutions and consistent estimators using different factor model and
distributional assumptions. See e.g. Connor and Korajczyk (1993); Bai and
Ng (2002, 2007), Amengual and Watson (2007), Kapetanios (2010), Hallin,
and Liska (2007), Harding (2009), Jacobs and Otter (2008), and Onatski
(2009).

Recently, Onatski (2009) provided a formal justification for the use of the
scree test in determining the number of factors. The scree test, a graphical

technique, consists of plotting the eigenvalues \; against its component num-



Figure 1: Stylized scree plot
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ber k as in Figure 1 , and deciding at which value of k the slopes of the plotted
points are ‘steep’ to the left of £ and ‘not steep’ at the right of k. This value
of k, which defines an ‘elbow’ in the graph, is then taken to be the number of
factors to be retained. Onatski proposes to look at the evolution in the frac-
tion of subsequent differences between eigenvalues, (ve —Ve+1)/(Vetr1 — Ver2),
where ; is the i-th largest eigenvalue of the smoothed periodogram estimate
of the spectral density matrix of data at a pre-specified frequency. He de-

scribes the asymptotic distribution of the statistic as the number of variables



N and the number of observations T rise as a function of the Tracy-Widow
distribution, and tabulates the critical values of the test.

This paper provides an alternative criterion associated to Onatski’s test
statistic, which in our set-up runs in singular values rather than frequency
domain eigenvalues. Our approach is more general. Whereas Onatski as-
sumes that the data have the generalized dynamic structure introduced by
Forni, Hallin, Lippi and Reichlin (2000), our approach does not start by as-
suming an explicit factor model of the data, but investigates whether a factor
structure is appropriate. Monte Carlo show the superiority of our criterion
compared to Bai and Ng (2007), Hallin and Liska (2007) and Onatski (2009)
for different combinations of N and T

The rest of the paper is structured as follows. Section 2 describes our
criterion, whereas Section 3 presents some Monte Carlo simulations experi-
ments. Section 4 applies our test to the Stock and Watson (2005) data set.

Section 5 concludes.

2 Method

2.1 Population model

Consider a N-dimensional stationary normalized random vector @, with zero
mean and covariance matrix I', with tr(I') = N. The vector x; can be
expressed as x; = BF,, with F, ~ Nn(0,Iy), BB’ =TI, while Bisan NxN
matrix. Applying the singular value decomposition (SVD) B = CXW',
where C'C = CC' = Iy, W'W = WW' = Iy, ¥ = diag(oy,09,...,0n)



with singular values o1 > 09, > ... > oy, we get
x, = CEXW'F,=CXF, F,~Ny(0,1Iy).

The variance-covariance matrix I" becomes I' = CX*C’' = CAC’, so 0]2- =
A, 7=1,...,N and tr(X?) = tr(A) = N. For any 1 < k < N we have the

following orthogonal least squares decomposition
Ty = CEE = Cllel,t + CQEQFQJ = i}t + &4, (1)
where

C = |:(;,1 CQ:| ’ Cl c RNXk702 c RNX(N—k)’

3, 0 ' '
X , X =diag(oy,...,0%), Xy = diag(ogs1,---,0N),

0 X

/
F, = [Fl’t Fét} , dim(Fy,) =k, dim(F;,) = N — k.

We have E{Ze}} = C\ X E{F,,F;,} 3/C}, = 0 and E{ee}} = tr(X3) =
Z;V:Hl 07 is the minimum.
1/2
Let ||A||lz = (zm. |am~]2) — t1(A’A)"2 be the Euclidean (Schur)
norm of the matrix A. The expected Euclidean norm of x;, ||z:|| = \/xjx;

can be written as

k N
E{llm|} = E{llz|?} + E{lled} =D N+ D N=N, (2

. . . =1 i=k+1
‘explained’ variance  ‘error’ variance J J=k+



with tr(I') = N. Hence E{||lz,||?/vVN} = S5 \/N+ 30, \/N = 1.
From Equation (1) the ‘explained’ variance can be approximated by using

the factor basis C3/;
k i k
E{ll[} = Y Ai/N = A+ D 65(k)/N, (3)
j=1 j=1

with 0;(k)/N = (\; — X\)/N >0, 5 =1,....k — 1. So, the ‘explained’

variance E{||Z;||%} has a lower bound J(k) equal to J(k) = £)\;. Because

k
N
the eigenvalues are ordered, A\; > Ay > ... > Ay, J(k) is a trade-off between
k and A;/N: if k increases, \y/N becomes smaller. Therefore, we can use

J(k) as a criterion to maximize the lower bound of the ‘explained’ variance

in the data. But from Equation (2) we have

k

Blleo/VNIPE = SOA/N + 37 AN = T+ Y G R)/N + S.(6)

j=k+1 j=1
= J(k)+ J(k) =1,
with J¢(k) = Zle 3;(k)/N + S:(k) and S.(k) = Z;V:Hl A;/N is the ‘error’
variance. Therefore, maximizing the criterion .J (k;) is equivalent to mini-
mizing J°(k), where Zle 0;(k)/N is the penalty function when increasing
k.

Here we introduce a possible factor structure in the data vector ;.



Definition 1 x; has a factor structure if there exists a k < N such that

lim \;/N=X>0=X=0(N), j=1,2,...,k

N—oo

lim \j/N=0= X =0(N), j=x+1,...,N.
N—o0

Note that it might not be meaningful to impose a factor structure when « is
‘large’ and A, is ‘small’.

If x; has a factor structure, then

_ kN >0 fork=1,2,...,k,
J(k)= lim J(k)=

N—oo 0

fork=r+1,...N.

If J(k) for k = 1,2,... is increasing and reaches its maximum at some k,
it is to be expected that the derivative DJ(k) = AJ(k)/Ak = (J(k+ 1) —
JE)/(k+1—k)=Jk+1)— J(k) = =gk + \ey1 /N, with 0, = (A —
Ak+1)/N > 0 is positive and decreasing whenever J(k) has a maximum.
Assuming that a factor structure exists, we look at limy_ ., DJ(k) =
DJ(k). Since impy_,o0 6, = limpy_s00 ’\W‘ — limy_eo )J\\/NE =\ >0, DJ(k) =

—\ek < 0, while DJ(k+j) =0for j =1,2,.... In addition DJ (k) = —d,k+

A for k <k, with 0 = limpy_ye Me/N —Hmy o0 Aps1/(N+1) = (A= Mpg1) >
0. So DJ(k) is positive, decreasing for k < x with DJ(k) = —A.k < 0 and
zero for k > k, which implies x = argmin DJ(k), k = 1,2,.... Note that the
magnitude of the negative value D.J(k) = —Ak <0 gives an indication for
the appropriateness of a factor structure. If  is large and D.J(k) is small,

then a factor structure is not meaningful.



The correspondence to the test statistic of Onatski (2009) can be seen as
follows. Since DJ(k) is decreasing, DJ(k+1) < DJ(k) which is equivalent to
J(k+2)—J(k+1) < J(k+1)—J(k), from which follows that J(k)—J(k+1) <
J(k +1) — J(k +2). Using the definition of J(k) = k), we obtain

e — Nett B 1+2, k=1,2,...,k—1,

Akl = Akt2 00, k=k«k,...

So with normalized data, the Onatski (2009) test statistic has an upper bound

equal to 14 2/k.

2.2 Data

Let the T x N data matrix X consist of normalized realizations of x; €
T
)

RN, t=1,2,....T: X = . The singular value decomposition to X
w’T_

yields X = USC'. We distinguish two cases: (i) T'> N and (ii) T'< N.

(i) If 7> N the SVD becomes

where U'U = UU' = Iy, U = |y, U,|, Ui € R"™YN and § =
1 U,

diag(s1, S2, ..., 8N), 81> S2 > ... > Sp;



(ii) For T'< N we get

X=U [51 o] " —Us,C,

with C' = {Cl CQ} ,C, e RVT U € RT*T and S = diag(sy, o, ..., 1),

S§1 >89 > ...> 8.

Defining k = min(7, N) the two SVDs can be written as
X =U;S;Cy,

with Uy, = U and C; € R¥*T when k = T, and Uy = U; € R™*Y and
C; = C when k = N. The Euclidean norm of matrix X is equal to
|1 X% = Zi7j|xij|2 = tr(X'X) = tr(S;) = Zk_ s2. Let I' = X'X/T

j=1%J

be an estimate of the covariance matrix I'. Then H%X\ 1% =tr(X'X/T) =

tr(I) = Zf 1 j/T = N, because of the normalization of the data, and

hence || =X||% = Z] 1 53/NT = 1. And letting s3/T = A, we get

YL A/N =1

Using the SVD \/)L = Ui 77 s —C} we get

X S Sk s
|\—||%E_tr< clc U)_Z__l.
VNT FUNT FTRUN . NT



2.3 Estimation

As seen above, our criterion is equal to DJ(k) = (k + 1)s7., — ks for
k=1,...,k and we propose to min,,j m(k’), with k = arg mln(ﬁj(k))

The scaled data matrix X /v NT can be decomposed as

X _ _ X
—— =U,5,C; +U,S,C, = X + E,
VNT e e

with Uy € R™* 8, = diag(sy,...,5;, C1 € RN x k, Uy € RT*¢=h G —
)
diag(5;_4,...,5;), and C; € RN*(E-F)  Because X = | | = U;8,C}, we
Ty
have ; = C1 S, Fy ;, where U] = {Fu L 1%174 with Fy, € R¥! and the
estimated variance of the factors equals UjU; = 3/ 13‘1’1‘/13’1’7,5 = I;. From
€1
E=|:| =U)8C) weget e, = 025'213’2775, where U} = {13’2’1 F2,T:|7
er
with variance UyU, = S/ 13’2,,513’2’7t = I;_;. So the estimated model is

Iy = :f:t—l—et,

where x; = Cls'lﬁ’lﬁt and e; = 025'213‘27“ with xj;e; = 0 for all ¢t because

2.4 Asymptotics

To be done.



3 Monte Carlo experiments

To assess the finite-sample properties of our criterion, we compare it to the
methods of Bai and Ng (2007) (BN henceforth), Hallin and Liska (2007)
(HL henceforth) and Onatski (2009). We consider the generalized dynamic

factor structure

T = Ny (L) Fiy + ... + Ay (L) Fiy + €4, (4)
where Ay (L) = Y22, AE;’)L" with lag operator L, factor loadings AE;T‘), factors
F}j; and idiosyncratic term e;;.

We replicate Onatski’s modification of Hallin and Liska’s (2007) Monte

Carlo experiment and generate data from model (4) as follows:
1. the k-dimensional factor vectors Fj; are i.i.d. N(0, Ij).

2. the filters Ajx (L), (i = 1,...,n; kK = 1,...,q) are randomly generated

independently from the Fj;’s by one of the following two devices:

MA loadings: A (L) = b (1+5'L) (1+5'L) with iid. and
mutually independent coeflicients bgjo-) ~ N(0,1), bS) ~ U[0,1]

and biY) ~ U [0,1]

-1
AR loadings: A (L) = b (1=bL)  (1-b3'L)  with iid
and mutually independent coefficients bg»)) ~ N(0,1), bgjl») ~ U|[8,.9]

and bg) ~ U|[.5,.6]

'We thank Alexei Onatski and Roman Ligka for making available their Matlab pro-
grams. The Bai-Ng programs are dowloaded from Serena Ng’s homepage.
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3. the idiosyncratic components e; follow AR (1)-processes both cross-
sectionally and over time: e; = pieq—1 + vy and vy = pvi_1p + Ui,
with i.i.d coefficients p; ~ U [-.8,.8] , p = 0.2 and u; ~ N (0,1) i.i.d.
and independently generated from A;; (L) and Fj;, cf. Onatski (2009).
The support [—.8,.8] of the uniform distribution has been chosen to
match the range of the first-order autocorrelations of the estimated

idiosyncratic components of the Stock and Watson (2005) dataset.

4. For each i, the variance of e; and that of the common components
Zle A;; (L) Fj; are normalized such that their variances equal 0.4 +
0.05k and 1 — (0.4 + 0.05k), respectively. Hence, a 2—factor model
explains 50% of the data variation and a 7—factor model 75% for o = 1.

As a final step, the idiosyncratic part is magnified by o > 1.

Then the different test procedures are employed to determine the number
of factors in the simulated data sets. For the Onatski-procedure, the param-
eter a equals the maximum of 0.01 and the p-value of the test of Hy : k=0
vs. Hy : 0 < k < 4. So, a is calibrated such that the test has enough power to
reject the false null hypothesis of no factors. Then the algorithm proceeds to
test Hy : k = ky vs. Hy: ky < k < 4. If Hy is not rejected, stop. Otherwise,
test Hy : k =ki+1vs. H : ki +1 < k < 4. Repeat the procedure until
Hy is not rejected. The Onatski-test requires the parameter m for grid size
of approximating frequencies and is set at m = 30,40,65 for T" = 70,120,
500 respectively. Denoted in the original notation of the corresponding pa-
per, for the Bai-Ng estimator, we use the ﬁl,k statistic for the residuals of

a VAR(4), set the maximum number of static factors at 10 and consider

11



0 = 0.1 and m = 2. For the Hallin-Liska estimator, we use the informa-
tion criterion I an with penalty p; (n,T), set the truncation parameter My
at [O.?ﬁ] and consider subsample sizes (n;,T;) = (n — 104, T — 105) with
J = 0,1,...,3. We chose the penalty multiplier ¢ on a grid 0.01 : 0.01 : 3
using Hallin-Ligka’s second “stability interval” procedure.? Finally, we note
that our proposed procedure does not require auxiliary parameters and is
therefore straightforward to implement.

Table 1 reports the percentages of 500 simulation that deliver 1, 2, 3 and
4 estimated number of factor k for Onatski’s (2009, Table IV) choices of
n,T and o2. Some minor differences occur. The Bai-Ng application in case
0% = 1 for AR-loadings shows better results in our application, while Onatski
obtains better results for the Hallin-Liska-estimator. The table shows that
our criterion procedure clearly outperforms the other procedures.> Table 2
reports the results of the extended simulation analysis with the true num-
ber of factors being k = 3, an extended (n,T) —grid and estimators being

constrained to lie in the range from 1 to 10.

2In case the algorithm does not produce a second “stability interval”, we refine the
increments of the grid to 0.001 instead. If the algorithm still fails to produce a second
“stability interval”, then the algorithm determines the number that prevails just after the
end of the original first “stability interval”.

3The only two exceptions are n = 70, T = 70, 02 = 1 and n = 100, T = 120, 02 =1
with AR-loadings.
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Three general observations emerge from the tables: (i) all procedures have
a tendency to underestimate rather than overestimate the true number of
factors; (ii) the Bai-Ng and the Hallin-Liska estimators do not capture the
true number of factors even in the large dimension case (n,T") = (150, 500),
if the data is noisy, i.e. for 02 = 16; (iii) though the Onatski-procedure is
also based on the scree test, our proposed procedure shows generally a better
performance. Our procedure does not involve auxiliary calculations related

to the spectral decomposition, which might explain its relative efficiency.

4 Application

In this section we evaluate the performance of the suggested approach to
the Stock and Watson (2005) macroeconomic data set, which consists of
monthly observations on N = 132 macroeconomic time series running from
1960M1 through 2003M12 (7" = 528). The authors describe how to trans-
form the series by taking logarithms and/or differencing when necessary to
assure approximate stationarity and correcting for outliers. This data set is
considered a representative summary of the U.S. economy. Hallin and Liska
(2007) propose to split the sample into two parts to account for a structural
change in the U.S. economy that occurred around 1982-1983. Based on the
subperiod 1960-1982 (T'=276), they find ¢ = 3 factors and ¢ = 1 factor for
the second subperiod 1983-2003. For the full sample, they find § = 1 factor
though its identification is less clear. Onatski (2009) restricts the analysis to
business cycle frequencies and explicitly excludes cycle longer than 10 years.

Employing his test procedure within the algorithm that continues increasing
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the number of factors as long as the null hypothesis keeps on being rejected
results in ¢ = 1 factor for the full sample period. The alternative hypothesis
of only 2 factors cannot be rejected at a significance level higher than 4%.
Bai and Ng (2007) estimate ¢ = 4 factors employing the full sample, but

point out that there is substantial variation over the sample.

Figure 2: The number of factors in the data
I I I

0.2 T

-0.05
0

Notes. 52 are the scaled (by NT') squared singular values for j = 1,.. ., 30;
D.J(j) is our proposed criterion to estimate the number of factors.

Figure 2 shows the scaled (by NT') squared singular values 5? together
with our proposed criterion DJ(j) to estimate the number of factors for j =
1,...,30. The estimator for the number of factors k = arg minﬁ?(j) results
in k = 1 for this data set. We repeated this exercise and Fjigure 3 shows the
resulting number of factors over the samples with ending dates running from

1970M12 (sample size T=133) to 2003M12 (sample size T'=528) for both our

proposed procedure and Onatski’s (2009) algorithm (with m=65). The first
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part of the sample up to 1983 provides quite varying results suggesting mainly
2, but also possibly 6 factors for our proposed procedure, while Onatski
tends to find 1 factor. For the larger samples ending later than 1983, both
procedures result in k=1 factor, while the irregularities remain for Onatski’s

procedure.

Figure 3: Estimated number of factors over a growing sample
I I I I I I

Jacobs-Otter—Reije
Onatski

Number of factors

0 | | | | | | |
7 75 79 83 87 92 9% 0 4

Notes. The estimated number of factors is based on samples with end dates
running from 1970M12 to 2003M12 (sample sizes from 7" = 133 to T = 528).
The number of factors are based on Onatski (2009) with m = 65 and our
proposed procedure.

5 Conclusion

This paper presented a simple criterion to determine the number of factors
in a data-rich environment. Our procedure is straightforward to implement

and does neither require the specification of several auxiliary parameters as

17



in Bai and Ng (2007), nor the specification of an automated search procedure
as in Hallin and Liska (2007). Our procedure is closely related to Onatski
(2009), but is more straightforward (and therefore more efficient) as it does
not involve cumbersome numerical transformations related to spectral de-
compositions and Fourier transformations. Monte Carlo simulations indicate
that our criterion outperforms the procedures of Bai and Ng (2007), Hallin
and Liska (2007) and Onatski (2009). Like Onatski, we find strong evidence

of one dynamic factor k = 1 in the Stock and Watson (2005) data set.
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